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We study the observation of polarized stochastic gravitational-wave background (SGWB) in
pulsar-timing-array experiments. The time residual for an observed pulsar is formulated as a line-of-
sight integral that incorporates the effects of the pulsar term, from which we construct the correlation
function of the time residual between a pair of pulsars in terms of the overlap reduction functions
(ORFs) for the SGWB intensity and polarization anisotropies. Our formulation provides a numeri-
cal scheme for computing the ORFs for high multipole moments and the lowest-moment ORFs for
the SGWB linear polarization are worked out for the first time.
I. INTRODUCTION
The existence of gravitational waves (GWs), consid-
ered as ripples in space-time fabric, was predicted in Ein-
stein’s theory of general relativity in 1916. It was only
until recently that GWs emitted by a binary black hole
merger were detected by the LIGO experiment [1]. Since
the first detection, many GW events from compact bi-
nary coalescences have been observed in Advanced LIGO
and Advanced Virgo O2 and O3 observing runs [2]. This
opens up a new era of GW astronomy and cosmology.
Upcoming and future GW experiments such as KAGRA,
GEO600, Einstein Telescope, Cosmic Explorer, LISA,
DECIGO, Taiji, and TianQin, will bring us a precision
science in GW observation [3].
Stochastic gravitational wave background (SGWB) is
one of the main goals in GW experiments. There have
been many studies on potential astrophysical and cos-
mological sources for SGWB such as distant compact bi-
nary coalescences, early-time phase transitions, cosmic
string or defect networks, second-order primordial scalar
perturbations, and inflationary GWs [4]. GWs are very
weakly interacting, so they decouple from matter at the
time of production and then travel to us almost without
being scattered. At the present, they remain as a SGWB
that carries initial conditions of the production processes
in the early Universe.
In general, the SGWB can be anisotropic and po-
larized. For examples, helical GWs can be produced
in axion inflation models, leading to a net circular po-
larization [5–8]. Linear polarization can be generated
through diffusion by compact astrophysical objects, with
an amount suppressed by a factor of at least 10−4 with re-
spect to the intensity anisotropies; however, it can be en-
hanced if dark matter is dominated with sub-solar-mass
primordial black holes [9]. Furthermore, the direction-
ality dependence of the SGWB have been recently ex-
plored [10, 11].
The method adopted in current GW interferometry
such as the LIGO-Virgo experiment for detecting the in-
tensity and polarization anisotropies or the Stokes pa-
rameters of the SGWB is to correlate the responses of
a pair of detectors to the GW strain amplitude. The
correlation allows us to filter out detector noises and in-
crease the signal-to-noise ratio [4]. The on-going and
future GW interferometry experiments have sensitivities
for detecting GWs at frequencies ranging from kilohertz
to millihertz.
Another method to search for SGWB anisotropies is
through their gravitational effects on the arrival times of
radio pulses from millisecond pulsars [4]. In the pulsar-
timing observation, radio pulses from an array of roughly
100 Galactic millisecond pulsars are being monitored
with ground-based radio telescopes. The fluctuations in
the redshifts of the radio pulses due to the presence of
GWs would allow us to detect longer-wavelength GWs
at nanohertz frequencies. Current pulsar timing array
(PTA) experiments include EPTA [12], NANOGrav [13],
and PPTA [14]. The future SKA radio telescope will
have projected sensitivity three to four orders of mag-
nitude better than the current PTAs [15]. Recently, the
NANOGrav Collaboration [16] has found strong evidence
of a stochastic common-spectrum process across 45 mil-
lisecond pulsars, alluding to a SGWB with a character-
istic strain of hc = 1.92× 10−15 at a reference frequency
of fyr = 1 yr
−1 ' 31.8 nHz. However, they have not
found statistically significant evidence that this process
has quadrupolar spatial correlations, as expected for the
properties in the presence of a SGWB.
The pulsar-timing observation of the SGWB has been
studied extensively [4]. The fluctuation in the red-






















of GWs is due to the Shapiro time delay given by the
time-varying gravitational potential difference from the
pulsar to the Earth. By ignoring the contribution at
the pulsar site (the so-called pulsar term), the over-
lap reduction functions (ORFs) for the SGWB intensity
anisotropy have been derived using the two-point corre-
lation method [17, 18]. Later, it has been extended to in-
cluding the SGWB circular polarization anisotropy [19].
Furthermore, the corrections of the ORFs for the SGWB
intensity anisotropy by the pulsar term have been dis-
cussed [20]. In this paper, we develop a numerical scheme
to compute the ORFs for the SGWB intensity and po-
larization anisotropies, following the spherical harmonic
expansion method adopted in Ref. [21] though in the con-
text of GW interferometry. Instead of using the Shapiro
time delay, we follow Ref. [22] to begin with the Sachs-
Wolfe line-of-sight integral and then calculate the two-
point correlation function. This scheme allows us to
compute the ORFs for high multipole moments order by
order and simultaneously incorporates the effects of the
pulsar term.
II. POLARIZED SGWB
In the Minkowskian vacuum, the metric perturbation
hij in the transverse traceless gauge depicts GWs propa-
gating at the speed of light c = ω/k. At a given spacetime















where A stands for the polarization or the helicity of
GWs described by the corresponding basis tensors eAij(k̂),
which are transverse to the direction of the wave propa-
gation denoted by k̂. Since hij is real, its Fourier compo-
nents are not fully independent with each other. For our
application, we require those Fourier components with
negative frequencies to be hA(−f, k̂) = h∗A(f, k̂) for all
f ≥ 0. The GWs are considered as stochastic as long as
hij are random fields thus characterized by their ensem-
ble averages. Besides, assuming the probability distribu-
tion of the random amplitude hij be Gaussian, then only
the two-point correlation function 〈hij(t, ~x1)hij(t, ~x2)〉 is
needed to describe its statistical behavior. Furthermore,
if the waves are homogeneous, i.e., having translational
symmetry, the ensemble average can be evaluated by do-
ing spatial averages. As a result, the two-point correla-
tion function of the Fourier modes should have the fol-
lowing form
〈hA(f, k̂)h∗A′(f ′, k̂′)〉 = δ(f−f ′)δ(k̂− k̂′)PAA′(f, k̂) , (2)
where the δ(f − f ′) arises from the delta function of the
magnitude of their 3-momenta δ(~k−~k′) and the assump-
tion made in Eq. (1) that these waves satisfy the equation
of motion in vacuum. Also, the presence of δ(f − f ′) im-
plies that the signal is stationary. This is a fairly good
approximation during an observing period for a typical
experiment.
For GWs coming from the sky direction −k̂ with wave
vector ~k, it is customary to write the polarization ba-
sis tensors in terms of the basis vectors in the spherical
coordinates:
e+(k̂) = êθ ⊗ êθ − êφ ⊗ êφ ,
e×(k̂) = êθ ⊗ êφ + êφ ⊗ êθ , (3)
in which êθ, êφ, and k̂ form a right-handed orthonormal
basis. Also, we can define the complex circular polariza-








where eR stands for the right-handed GW with a pos-
itive helicity while eL stands for the left-handed GW
with a negative helicity. The corresponding amplitudes









Analogous to the case in electromagnetic waves [23],
the coherency matrix PAA′ in Eq. (2) is related to the
Stokes parameters, I, Q, U , and V as
I = [〈hRh∗R〉+ 〈hLh∗L〉] /2 ,
Q+ iU = 〈hLh∗R〉 ,
Q− iU = 〈hRh∗L〉 ,
V = [〈hRh∗R〉 − 〈hLh∗L〉] /2 . (6)
They are functions of the frequency f and the propaga-
tion direction k̂. To get some flavor of the meaning of
these Stokes parameters, we may take a look at an ex-
ample for an unpolarized quasimonochromatic GW sig-
nal with a constant intensity. It should have a constant
I which represents the total intensity regardless of its
polarization. We have V = 0 since the power in the
right-handed and the left-handed modes should be iden-
tical. Also, because the relative phase between the left-
handed and the right-handed modes (arg(hL)−arg(hR))
is random for an unpolarized source, the ensemble aver-
age 〈hLh∗R〉 ∼ 〈ei(arg(hL)−arg(hR))〉 becomes zero, thereby
making Q = U = 0.
III. PULSAR TIMING
In the pulsar-timing observation, radio pulses from an
array of roughly 100 Galactic millisecond pulsars are be-
ing monitored with ground-based radio telescopes. The
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redshift fluctuation of a pulsar in the pointing direction








hij(η, ~x) , (7)
where the lower (upper) limit of integration in the line-of-
sight integral represents the point of emission (reception)
of the radio pulse. The physical distance of the pulsar
from the Earth is
D = c(ηr − ηe) , (8)
which is of order 1 kpc.
The quantity that is actually observed in the pulsar-





where t′ denotes the laboratory time and t is the dura-
tion of the observation. Using the laboratory time t′, we
rewrite Eq. (7) as







hij(η, ~x) , (10)
where the detector tensor is
dij = êiêj . (11)






























1 + k̂ · ê
. (12)
This is the result for the time residual due to the Shapiro
time delay, where the first term in the square brackets is
called the Earth term and the second is the pulsar term.
The last term has a pole at k̂ · ê = −1. For Galactic
pulsars in a pulsar-timing experiment with a typical du-
ration of observation, we have fD  1, so the pulsar
term is a highly oscillatory function in the k̂-integral. If
the separation angle between any pair of pulsars is large
enough, we can safely omit the pulsar term to simplify the
k̂-integral for obtaining the two-point correlation func-
tion [17–19].
In the present work, we retain the Sachs-Wolfe line-
of-sight integral. This allows us to avoid the pole term
and do the spherical harmonic expansion. In addition,
the effect of the pulsar term is now put back in the time
integral. Then, using the spherical wave expansion (A7)












dη (1− e−2πift)hA(f, k̂)dijeAij(k̂)e−2πifη
∑
LM
iLjL[2πf(ηr− η)]Y ∗LM (k̂)YLM (ê) . (13)
IV. RESIDUAL CORRELATION
The time-residual correlation between a pair of pulsars







dt′′〈z(t′, êa)z(t′′, êb)〉. (14)













































In terms of the Stokes parameters in Eq. (6) and the
definitions,
EIijkl(k̂) = eRij(k̂)e∗Rkl (k̂) + eLij(k̂)e∗Lkl (k̂) ,
EVijkl(k̂) = eRij(k̂)e∗Rkl (k̂)− eLij(k̂)e∗Lkl (k̂) ,









kl (k̂) , (19)
denoting D as the direct product of two detector ten-
sors
ijklDab = dija dklb , (20)
the antenna pattern for signal reception can be rewritten
as
R(f, k̂, êa, êb) =
∑
X={I,V,Q±iU}
X(f, k̂) ijklDab EIijkl(k̂) .
(21)
We further expand the Stokes parameters and the po-
larization basis tensors in terms of ordinary and spin-









(Q+ iU)(f, k̂) =
∑
`m
(Q+ iU)`m(f) +4Y`m(k̂) ,
(Q− iU)(f, k̂) =
∑
`m

















ijklEQ−iU`eme +4Y`eme(k̂) , (23)
where the specific combinations, Q± iU , make them be-
come spin ±4 objects so that we can expand them nicely
by the corresponding spin-weighted spherical harmonics.
A brief introduction to the spin-weighted spherical har-
monics is found in Appendix A. In Appendix B, we have
given the multipole moments of the polarization tensors
Eijkl for each Stokes parameter.














`m(xa, xb, êa, êb) , (24)
where the overlap reduction functions (ORFs) are given by












L1 L2 `e `
M1 M2 0 me 0 m
〉
, (25)












L1 L2 `e `
M1 M2 ∓4 me ±4 m
〉
. (26)
In Eqs. (25) and (26), we have replaced the antenna pat- tern functions by
D · E ≡ ijklDabEijkl , (27)
and introduced a shorthand notation for the integral of
a product of four spherical harmonics:
〈
L1 L2 l1 l2




dk̂ Y ∗L1M1(k̂)YL2M2(k̂) s1Yl1m1(k̂) s2Yl2m2(k̂) . (28)
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In Appendix C, we show that this integral can be ex- pressed as a product of Wigner-3j symbols:
〈
L1 L2 `e `





























Eqs. (25) and (26) are the most general ORFs for a pair
of Galactic pulsars a and b, respectively at distances Da
and Db from the Earth.
V. OVERLAP REDUCTION FUNCTIONS IN
THE COMPUTATIONAL FRAME
Let us choose the so-called computational frame such
that pulsar a is located at the north pole of the Earth
while pulsar b is stayed on the φ = 0 meridian. Their
coordinates are then given by
êa = (0, 0, 1), êb = (sin ζ, 0, cos ζ) (30)
where ζ is their separation angle. In this coordinate
system, the multipole moments of the antenna pattern












Thus, the integral of the product (29) simplifies to
〈
L1 L2 `e `




L1 L2 `e `










































L1 L2 `e `

















L1 L2 `e `
0 M2 ∓4 me ±4 m
〉
. (34)
In Appendix D, we have found explicit analytic forms
for the antenna pattern functions in the computational




antenna pattern function is equal to the associated Leg-
endre polynomial Pme2 (cos ζ) times a real constant. Us-
ing Eq. (A5) and the conjugate relations for the antenna
pattern functions in Appendix D, it is straightforward
to show that the four ORFs in the computational frame
6
have the conjugate relations:
γI`−m =(−1)mγI`m , (35)




Note that the four ORFs are in general complex functions
of ζ. They become real when only the Earth term is
considered [18, 19]. Our method includes the effects of
the pulsar term that give rise to nonzero imaginary parts.
A. Unpolarized Isotropic Case
In the case of isotropic and unpolarized SGWB, the
only relevant ORF is the γI00, which can be calculated















L1 L2 `e 0










YL2me(ζ, 0) D0 · EI`eme×√










We have numerically computed γI00(ζ) using xa = xb =
20π and summing L2 up to 80. Note that for each value
of L2, the range of L1 is determined by the triangu-
lar condition in the Wigner-3j symbol. Figure 1 shows
γI00(ζ) plotted against the separation angle ζ. At large
angular separation the real part of γI00(ζ) reproduces the
Hellings and Downs curve for the quadrupolar interpul-
sar correlations [25], which has considered the Earth term
only, while the pulsar term contributes to a relatively
small imaginary part. γI00(ζ) gains power from the pul-
sar term and begins to deviate from the Hellings and
Downs curve at small angular separation. The autocor-
relation γI00(ζ = 0
◦) has power two times larger than the
Hellings and Downs curve. This small-angle behavior is
consistent with the results by considering the corrections
from the pulsar term [20].
B. Circularly Polarized Isotropic Case
In the case of isotropic and circularly polarized SGWB,
the other relevant ORF is the γV00, which can be calcu-















L1 L2 `e 0










YL2me(ζ, 0) D0 · EV`eme×√










We will show that γV00(ζ) = 0 as follows. There is no
contribution to the summation from terms with me =
0 because D0 · EV`e0 = 0. Furthermore, since we have











which is zero when m1 = m2 = m3 = 0 unless l1 + l2 + l3
is an even integer, the contribution from terms with pos-
itive values of me exactly cancels that from terms with
negative values ofme, making the overall summation van-
ish.
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FIG. 1. The right panel shows γI00(ζ), while the left panel shows the power at small angular separation. We have used
xa = xb = 20π. The dashed curve is the Hellings and Downs curve. The real part of γ
I
00(ζ) (solid curves) overlaps with
the Hellings and Downs curve at large angular separation, while the imaginary part of γI00(ζ) (dotted curves) receives a small
contribution from the pulsar term.
C. Higher Multipole Moments










` = 1,m = 0
` = 1,m = 1










` = 2,m = 0
` = 2,m = 1
` = 2,m = 2
FIG. 2. γI`m(ζ) for ` = 1, 2 and m ≥ 0, with xa = xb = 20π. The multipoles with m < 0 are given by the relation (35),
γI`−m = (−1)mγI`m.
We have numerically computed γI`m(ζ) using xa = xb =
20π and summing L2 up to 8 for ` = 1, 2, as shown in
Fig. 2. Note that we have plotted the ORFs for ζ > 5◦.
To obtain the small-angle resolution that shows the ef-
fects from the pulsar term, we would need to increase the
maximum value of L2. Similarly, Fig. 3 shows γ
V
`m(ζ) for
` = 1, 2. Note that γV`0(ζ) = 0, which can be shown fol-
lowing the same reasoning as in Sec. V B. These ORF
harmonics reproduce those found in Refs. [18, 19] using
the Shapiro time delay with the Earth term only. Fig-
ure 4 shows our new results for γQ±iU`m (ζ) for ` = 4. In
these figures, we have omitted the imaginary parts that
are small compared to the real parts.
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` = 1,m = 0
` = 1,m = 1











` = 2,m = 0
` = 2,m = 1
` = 2,m = 2
FIG. 3. γV`m(ζ) for ` = 1, 2 and m ≥ 0, with xa = xb = 20π. The multipoles with m < 0 are given by the relation (36),
γV`−m = (−1)m+1γV`m.
















` = 4,m = 0
` = 4,m = 1
` = 4,m = 2
` = 4,m = 3
` = 4,m = 4















` = 4,m = 0
` = 4,m = 1
` = 4,m = 2
` = 4,m = 3
` = 4,m = 4
FIG. 4. γQ±iU`m (ζ) for ` = 4 and m ≥ 0, with xa = xb = 20π. The multipoles with m < 0 are given by the relation (37),
γQ±iU`−m = (−1)
mγQ∓iU`m .
VI. OVERLAP REDUCTION FUNCTIONS IN
THE CELESTIAL COORDINATES
We can readily get the ORFs in the celestial coordi-
nates from those in the computational frame through a
three-dimensional rotation [21]. Let pulsar a be located
at the polar angles êa(θ, φ), and the angle between its
longitude and the great circle connecting the pulsar pair
a-b be α. Then, Eqs. (25) and (26) are connected to
Eqs. (33) and (34) by
γI,V`m (êa, êb) =
∑
m′
D`m′m(−α,−θ,−φ)γI,V`m′ (ζ) , (41)
γQ±iU`m (êa, êb) =
∑
m′
D`m′m(−α,−θ,−φ)γQ±iU`m′ (ζ) , (42)
where the three-dimensional rotation is represented by
the Wigner-D matrix, which is closely related to the spin-
weighted spherical harmonics:






We have developed a numerical scheme to compute
the ORFs for the Stokes parameters of an anisotropic
stochastic gravitational wave background in pulsar-
timing-array observation. We have used the Sachs-Wolfe
line-of-sight integral to construct the time-residual cor-
relation between a pair of Galactic millisecond pulsars
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on the sky. The integral incorporates simultaneously the
effects of the pulsar term that contribute power to the
ORFs at small angular separation of the pulsar pair.
The ORFs for the linear polarization are given for the
first time. Based on a spherical harmonic analysis, our
method allows us to compute the ORF multipoles order
by order as well as improving their resolution at small an-
gular separation in a controllable manner. The method
can be readily applied to compute the ORFs for a Galac-
tic pulsar pair at different distances from the Earth. Fur-
thermore, the Sachs-Wolfe line-of-sight integral can be
used to consider extragalactic pulsars at high redshifts.
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Appendix A: Spin-Weighted Spherical Harmonics
The explicit form of the spin-weighted spherical harmonics that we use is










































`m(n̂)sY`′m′(n̂) = δ``′δmm′ , (A3)






=δ(φ− φ′)δ(cos θ − cos θ′) . (A4)
Its complex conjugate is
sY
∗
`m(n̂) = (−1)s+m−sY`−m(n̂) , (A5)
and its parity is given by
sY`m(−n̂) ≡ sY`m(π−θ, φ+π) = (−1)`−sY`m(n̂) . (A6)










where j`(x) is the spherical Bessel function.
Appendix B: Multipole Moments of Polarization Tensor
1. ijklEI`m
The only nonzero coefficients are ` = 0, 2, 4 cases for
ijklEI`m, which are symmetric under exchanging between
i ↔ j, k ↔ l, and ij ↔ kl. In addition, they satisfy the





















































































































































































































The only nonzero coefficients are ` = 1, 3 cases for
ijklEV`m, which are symmetric under exchanging between
i ↔ j and k ↔ l, and are antisymmetric under ex-
changing ij ↔ kl. In addition, they satisfy the relation
















































































































The only nonzero coefficients are ` = 4 cases for
ijklEQ±iU`m , which are symmetric under exchanging be-
tween i ↔ j, k ↔ l, and ij ↔ kl. In addition, they
satisfy the relation EQ±iU`−m = (−1)mE
Q∓iU∗
`m . Here, specif-







































































































Appendix C: Wigner-3j Symbols




dk̂ YLM (k̂) s1Yl1m1(k̂) s2Yl2m2(k̂) =
√










which involves two Wigner-3j symbols representing the
coupling coefficients between different spherical harmon-
ics [26]. It is worth noting that the properties of the
Wigner-3j symbols in Eq. (C1) imply that s1+s2 = 0. In
addition, L, l1, and l2 have to satisfy the triangular con-
dition, i.e., l1+l2 ≥ L ≥ |l1−l2|, while M+m1+m2 = 0.
To evaluate the integral of a product of four spheri-







LM (k̂) . (C2)
Using Eq. (C1), we obtain
cLML1M1L2M2 = (−1)M1
√








































Appendix D: Antenna Pattern Functions
In most literature, the inner product between the de-
tector tensor and the polarization basis tensor is referred
to as the antenna pattern function.
1. DEI
For the Stokes-I parts, the only nonvanishing D0(ζ) ·























































































For the Stokes-V parts that correspond to the circular
polarized signal, the only nonvanishing D0(ζ) · EV`m are







































P 22 (cos ζ)
DEV33 = 0
3. DEQ±iU
For the linear polarized signal, the only nonvanishing








































P 22 (cos ζ)
DEQ±iU43 = 0
DEQ±iU44 = 0
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